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1. INTRODUCTION

We study here the variation of the zeros of an analytic function under
perturbation of the function. Our main questions are:

(1) If gisclose tof, how close are the zeros of g to those of /7

(2) What is the first variation of the zeros of /7

To answer the latter question, we seek formulas for the zeros of g, with error
of the magnitude o(|g —f1).

Of course, in order to answer these questions, we must describe the closeness
of g to fin terms of a suitable topology. For local questions it is sufficient to
work with the Banach algebra R of bounded analytic functions in the unit
circle U, with the norm

I£l=sup{|f@2)| | z€ U3.

A classical theorem of Hurwitz [I] says that if £, — f uniformly on every
compact subset of U and f=£0, then the limit points of the zeros of f, are
precisely the zeros of f. This tells us that the zeros of f are continuous functions
of f with respect to the weak topology of R, so long as we exclude a weak
neighborhood of 0. A basis for the weak neighborhoods of 0 is the family of
sets U(zg, €) of the form

Ulzo, &) = {f | | f(z0)| <e}.

The neighborhoods of 0 in the weak topology are the unions of the finite
intersections of sets U(zy,€). So it is sufficient to study the first question in
the complement of a set U(z,,a).

We are thus led to the problem:

Given zy(0 < |z5| < 1),a>0and € > 0, find a 8 > O such thatif ;g € &,

Ifi<1l,  [fz)]=a  FO=0,
and lg—fll<s,

then g has a zero in the circle U, : |z] <e.
This is equivalent to the problem:
Given zg, @, and € as above, find 8 > 0 such thatif g € R, and

lgi<l, |gz)l=a |20 <S8,

then g has a zero in U..
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In other words, we must show that if g € R, |igl| < |, and | g(z)| > a, then
near any point where g is approximately zero, there is a point where g is
exactly zero. We give an answer to this question in

THeOorREM 1. Ifge R, gll< 1,0<s <1,
M(s) =max{|g(z)| | |z] =s}>0,
and
A= A(s) =log (1/M(s))/log (1/s),
|8(0)] < 8 < M(s)exp (—4d),
then g has a zero in the circle U,, where
e=4e* 218" 1og(1/3).

and if

This result is nontrivial (e <1) if 8 <a?, where a is the solution of the
equation
alog(l/a)=1/4¢*>, O<a<lle.

In many applications it is more convenient to use a different normalization,
with the roles of the points 0 and z, interchanged. We are thus led to the
problem:

given M>1, O<axl, O<r<l,
find 8 > 0 such that if
feR, fO)=1, fll< M, and | f(zo0)| <8, where |zo| =r,
then f'has a zero in the circle |z — z,| < a(1 — ).

We obtain

THEOREM 2. If fe R, f(0) =1, || fI| < M, and

|.f(z0)| < 8 = exp(=KA),
where |zo| =r=e*,0<r<1,
A=log M/log(1]r),
and K =17, then f has a zero in the circle
|z — zo] < {12*(x + K) exp (—x — K)}(1 —#).

One application is a quantitative form of the well-known fact that the zeros
of an analytic function of several variables are not isolated.

THEOREM 3. If fis analytic in the bicylinder U x U, || f| < 1,

f(0,0)=0, M =max{|f(z,0)| | |z| =s} >0,
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and
T = de(ji]a(s))'"* < sle,
where
A=1log(1/M)/log(1/s)
and
. Miog(l/s)
o) = 2e + Mlog(l]s)’

then f(z,t) has a zero in the circle
|z| < eTlog(1/T).

A corollary makes quantitative the fact that the mapping by a nonconstant
analytic function is open:

COROLLARY 3a. If FeR, |[F||<1, M = M(s)=max{|F(z)| | |z| = s} and
F(0) =0, then the image of the circle U, under the mapping F contains the circle
U, where r = a(s) (s/4¢>)™,

Another application (see Theorem 4 below) is to the estimate of the minimum
modulus of an analytic function fon the complement in U of the union of the
open disks with centers at the zeros z; of fand with radii «(1 — |z;[).

If Fis an entire function, F(0) = 1,

M(R)=max{|F(2)| | |z] =R},
and
|F(z0)| < exp (—KAy(r)), izo] =1,
where
Ao(r) = min {log M (R)/log (R[r) | R>+},

and K > 7, then F has a zero in the circle

!Z — Z()I < HI’,
where
H=4*(1 - B YK+ x)e X,

rB is the smallest R for which

log M(R) = Ay(r)log(R]r),
and B = ¢~
For example, if M(R) < A exp (CRY) for R>r, where k> 0, if r* > log 4/eC
and if
|F(zo)| <exp(—Ke*kCr¥), Kz=7, |zol <7,

then Fhas a zero in the circle

|z —zo] <82k 22+ kK)e r.
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If Wis an integral operator,
WO = [, W, 9x(6) ds,

on the space C[0,1] of continuous functions on the unit interval, the kernel
W(t,s) is continuous, and

r=17W)=max{|{W(,s)| | 0<t<1,0<s< 1}

then the resolvent of W can be expressed as the quotient of two entire functions
of order 2, whose growth can be expressed in terms of 7. The above results
enable us to show that if

k—XoWxl<e, Ixl=1, |Al<r,
and ¢ is sufficiently small, then A, is near an eigenvalue of W. In fact, if
e<Tlexp(—(2e2 K+ 1)7*r?),
K>17, and 7r > 1/2¢, then W has an eigenvalue in the circle
A= Qo] <4e*(1 + K)e Xr.

This result is valid, more generally, if W is an operator of trace class on any
Banach space S.

The above results give estimates for the continuity of the zeros of f which are
uniform in any bounded subset of R outside of a neighborhood U(zy,a). No
assumption is made on the order of a zero of /. If fhas a zero of known order at
a point z,, then we can obtain more precise information about the zeros of a
nearby function g.

In the second part of this paper we study the variation of a single zero, of
given order, of the function fe R, under small perturbation. The case
f(2)=2z", n > 1, yiclds a simple proof of the Weierstrass preparation theorem.
Our approach also yields a quantitative form of this theorem.

In the third part of the paper we study the simultaneous variation of all the
zeros of fin a compact subset of U, under small perturbation of . These results
yield estimates for an analytic function of a matrix or, more generally, of an
algebraic element of a Banach algebra. We also obtain the beginnings of an
elimination theory for analytic functions.

2. PERTURBATION OUTSIDE OF A WEAK NEIGHBORHOOD OF ZERO

Our first problem is:

Given g, s, and r in the open interval (0,1), find 8 = 8(q, s,r) such that if
g€ R, |igll< 1, |g(zp)] = a, where |zp| =, and | g(0)| < 8, then g has a zero in
U,:lz] <r.
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letgeRr,
M(s)=max{|g(2)| | |z| =5}, O<s<],
and
Z(g)=sup{r | g #0in U}.
Then the problem is clearly equivalent to that of estimating Z(g) in terms of
s, M(s), and |g(0)|. By a classical result (see [/], p. 183), we know that for
s=pZ(g),0<p<l,

I—p .
i M,
log M(9) < ({2 log 200 B
If | g(0)| = M(s)*, then we obtain
A—1
P=4+1
and
A+1 \
2(9<(55) s @
This gives us a bound less than 1 if
s 1+ S.
1—=s
Thus, if
8 <exp (—i—j«jlog M(s))

and |g(0)] <8, then Z(g) < 1, and we have the bound (2) for Z(g), where

4 log|gO)] _logd
logM(s) = logM(s)
As & — 0+, the above bound for Z(g) approaches s, while we seek a bound
which approaches 0 as § — 0+.
If we use the bound (1) for M (pr), r = Z(g), and apply the Hadamard 3-circle
theorem to estimate M (s), assuming that pr < s < 1, we obtain

fog(1/s) (1 —p) o
log M (s) < fog (1) 15, p log$,

or

1+ .
log(1/9) < Mog(1/on) (1 ££). ®
where
o 1og(1/M(s))
A=As)= log(l/s)
Of course, by the convexity of log M(s) as a function of logs, we know that
A(s) is a nondecreasing function, and if M (1) =|igl|=1, we have

lim A(s) = M'(1).
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ForO<r<l,let
1+
20 =02k (L) tog 17
and let p(r) be the p for which the minimum is attained. We conclude that if
rp(r) < s, then
7(r) = A" og (1/3).
Since 7 is a decreasing function of r, we obtain
Z(g)=r<n (A" log(1/8)), 4

where n~! is the (decreasing) inverse function of %.

The bound (4) is an estimate of Z(g) in terms of s, M(s), and 8, and since,
as we shall show, n(0+) =+ (i.e., n7}(0) =0), this bound will serve our

purpose.
To study 7, we set p = 1/x, y =log(1/r), so that x > 1, y > 0. Then we have

1 = min K(x),
x>1
where
x+1
K = (254) -+ tog .

The minimum of K is attained at the solution of the equation

2
F(x) —T—-logx b2
In the appendix it is shown that F has an increasing inverse function G,
G(0) =1, and that
2y+2log(y + D+ 1< G(3) <2y +2log(y+ 1) +1+4log2.

Since
_(e+1P x 1 _
= ——2+1+2x, for x = G(y),
we find that
y+log(y+1)+32<n<y+log(y+1)+2+2log2,
or

log(efr) +log, (e/r) + 1/2 < <log(e/r) +1og, (e/r) + 1 + 2log2.
We wish to find a sufficient condition that rp(r) < s. This is equivalent to
(v =log (1/r), x = G(3))

log(l/s) <y +logx = (x/2) — 1/(2x).
Since
&) 12 =y+log(ry+ D +31—-1/x) =y +log(y + 1),
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it is sufficient that

log(e/s)<y+1+1log(l+y),

ort

plog(efs)) <y + 1 =log{e/r).
If we apply the estimate (*) of the Appendix, we find that it is sufficient that
r<s(1 +log(e/s))/2.
The estimate (2) above shows that this will be true if
[8(0)] < 8,(s) = M (s) exp (—4A(s)).
It this is true, then the above estimates certainly hold, and it follows that

n—logn —1—2log2 < logle/r),
and
r<4e?X-18V*1og(1/8).

We have thus proved

THECGREM 1. Ifg e R, ||gli < 1,0<s < 1,andif
12(0)] < 8 < 8,(s) = M(s) exp (—4A(s)),

where

M(s) = max (g | |z} = 5),
and

A(s) =log (1/M(s))/log (1/s),
then

Z(g) <4er X182 1og (1/8).

The above estimates yield this alternative formulation which is sometimes
simpler to use:

CoroLLarY la. Ifg e R, llgll < 1,5 € (0, 1), if
r/log(elr) <s,

r A
1501 < (gerog@m) -

and

then Z(g) < r.

We now interchange the roles of the point where g is small and the one
where g is not too small. This Ieads to the problem:
Given M > 0,0 <r <1, and ¢ > 0, find « such that whenever

feR  fO=1, |fl<M, and |f(z)|<e  where|z| =7,
then f has a zero in the circle |z — z) < o(1 — 7).

! p(¢) is the solution of n-+log n=1¢.
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Let
2(2) =f()| M,
where
{=(z+2z0)/(1 +Zp2),
so that
g0 =f(z)/M,  g(—zo)=1/M.
Then if
M(r) = max{|g(?)| | |z] =7},

we have

A=1log(1/M(r))/log(1/r),
A<log Mflog(1/r) = Ay = 1/p.

Theorem 1 implies that if
€ <exp(—4A)),
then
Z(g)<4etalog(lja)=0b,
where a = ret.
The circle |z] < bis mapped into the circle

(1—-r)b
1—rb

18— 20l < <3b(1—r)
ifb < 1/3. Now, b < 1/3ifand onlyif a < exp (—c), where c is the solution of the
equation ¢ — logc = log(4¢?), and this is equivalent to

€ < Mexp(—chy).
Hence, if
e < min(exp(—42;), Mexp(—cA))),

then fhas a zero in the circle |z — zo| < 3b(1 — r). We note that Mexp(—ci,) <
exp(—4A,) if and only if r > exp(4 — ¢), and that c is about 6.4. For many
purposes, the following result is adequate:

THEOREM 2. If fe R, || fll=M, f (0) =1 and
|f(z0) | < e <exp(=TAy),
where |zo| =r, A, =logM[log(1/r), then f has a zero in the circle |z — z,| <

3b(1 — r), where b is defined as above.

It is well known that the zeros of an analytic function of several variables
are notisolated. We can apply the above results to obtain quantitative informa-
tion about the zeros.
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Suppose, for example, that f is analytic in the bicylinder U/ x U, [[fil <1
f(0,0) =0 and

M(s,t)=max{|f(z1)| | |z] =s}>0  fort=0.
Let
Z({®)=sup{r | f(z,t) #0 for |z] <r < 1}.

We wish to estimate Z(¢) in terms of [¢], 5, and M (s,0).
Let

g (@) =f(z,1).

Then for t € U, g{t) € R and ||g(¢){| < 1. By the Schwarz lemma, applied to
(f(z,£) —f(z,0))/2 for fixed z, we obtain

llg()— g0 < 2]¢l,
[g(OO)] = |£(0,0)] <2|¢]

|M(s,1) — M(5,0)| <2]t!.

5o that
and

Therefore, we have

41|
A0 < 3 o (1]5)
if |1l < M4, M = M(s,0).
By Corollary 1a,if0 <r < 1,
rllog(e/r) <s,
and
2t < A=*=, where A =4e®log(e/r)]r,
then Z(¢) < r.
But if
Mlog(1/s)
1< 4logd
then

As,t)logd < Alogd +1, A= A5, 0,
and then we have
2]e] 4M D < 2eft| A2 < 1
if
[t] < A-%)2e.
Consequently, it is sufficient that

[t < 47*als),
where
Mlog (1/s)

AS) = 5 - Mlogijs)
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Here we have used the fact that
A > 4eé%s > 4e?
and that x-*logx is decreasing for x > exp(1/}), which implies that
A*log 4 < (4e?)~*log(4e?)
< (4e®)1log(4e®) < 1.
We have thus proved

THEOREM 3. If fis analyticin Ux U, || f||< 1, and

f(0’0)=03 M=max{|f(z,0)| l IZI=S}>09
then for
A =4e*log(e/r)|r > 4e*[s
and
It <als) 47

we have Z(t) < r.

Here

A=log(1/M)/log(1/s),

and a(s) is given above.

If we set
]tl AI‘ = a(.s'),
then the above conditions are satisfied if
T = de(|t][a(s))"* < se (5)
and

log(efr) + log, (e/r) = log (1/T).
The estimate, in the Appendix, of the solution of the latter equation yields

COROLLARY 3a. Under the hypotheses of the theorem, if (5) holds, then

Z(t)< eTlog(1T),
and therefore
log (1/Z(¢))
s Tog ey = M

By the Puiseux expansion, we know that as ¢ — 0,
Z(t) ~ blt|5,

where b # 0, and c is a positive rational number. The exact determination of ¢
requires, in general, rather detailed information about the coefficients of the
power series for £, Qur corollary implies that ¢ > 1/A, and this estimate for ¢
requires only a lower bound on f(z,,0) for a single z,.
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If we apply this corollary to f(z,£) = (F(z) — t)/2, where F € R, ||F| < 1, and
F(0) =0, we find a constant c(s) such that the range of F contains the circie:
l#] < e(s). A somewhat better and simpler estimate for c(s) is obtained by
applying the above reasoning to the function g(¢) = {F —t)/(1 + |¢]).

CorOLLARY 3b. If FeR, |[F||<1, max{|F(z)| | |z|=s}=M>0, and
F(0) =0, then the image of the circle Us:|z| < s under the mapping F contains
the circle U,, r = a(s)(s/4e*)™.

Suppose that fe R, || f||< M, f(0O)=1,andletO<a<l. Let E,=U - C,,
where C,, is the union of the disks of radii (1 — |z|) about each zero z;, of
Fin U. We wish to estimate

m(r) =min{|f(2)] | |z| =1, z € E,}
from below.

If|z] =r,and | f(2)| < e < Mexp(—7A,), where

A =log M/log(1/r),
then there is a zero £ of fsuch that
lz—¢|<3b(1—r),

where
b=4e*alog(l/a), a=re*, p=1/A.

But 3b(1 — ) will be less than (1 — [{|) if 6b < . This will be true if

log(1/a) > J(logB),
where B = 24¢?/a, and J(x) is the solution of

y—logy=x.
By the estimate J(x) <x+log x+ 1, given ir the Appendix, we find that
zeC,if
€ < Mexp(—A, log(eBlog B)).
We thus obtain

ToeOREM 4. If fe R, | fll< M, f(0) =1, and 0 < o < 1, and if E, and m {7}
are defined as above, then

ma(r) > Mexp (), log (eBlog B),
where
A, =log Mjlog(1/r)
and § = 24e?/o.

If we allow « to depend on |{|, say o = (1 — |{]), then we can still obtain
similar results on m,(r).
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Suppose that F is an entire function, F(0) =1, and M(R) = max {|F(z)| |
|z] = R}. We apply Theorem 2 to f(z) == F(Rz), and find that if | z,| = r < R, and

|F(z0)| < e <exp(=T7Ay),
where
Ay = A(R) =log M(R)[log(R]r),
then F has a zero in the circle

|z — 20| <3b(R—7),
where
b=4e*alog(lja), a=re*/R, p=1/A.
Let
Ay(r) = min A (R),
R>r

and let rB(r) be the smallest R for which this minimum is attained. Then if
€ < exp (—7A,(r)), the function F has a zero in the circle
|z —zo] <4€*(B—1)ralog(lja),  where a = €*/B.
Thus, if M(R) < Aexp(CR*) for R>r, k> 0, then the favorable choice is
R=rB(r), B(r) = e*, where x is the solution of the equation
(kx — 1)exp (kx) = log A/Cr* = €8.

We set kx =1 + y, so that y satisfies
ye* = 4.

For 6 > —1/e, there is a unique solution y > —1,and if § > 0 we have 0 < y < 4.
(Incidentally, if —1/e < 6 <0, we have ed <y < 8.)

For A,(r) we obtain the estimate

M) <kCréexp(l + ) < ekCrve® = A(r).
We note that
1< M(r)< Aexp(Crh),

which implies that 8 > —1/e. -

A little computation yields

THEOREM 5. If F is an entire function, F(0)=1, and M(R) < Aexp(CR¥)
Jor R>r, k>0, and if |zy| =r and
|F(zo)] < e <exp(—KekCrte?), K=>1,
where
8 =log d/eCr*,
then F has a zero in the circle

lz—zp| <4k 2(1 + 8)(1 + 8 + kK) e Xr.
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In many cases, the resolvent of a linear operator ¥ may be expressed as a
quotient of two entire functions of known growth. For example, if ¥ is an
integral operator on C[0, 1] with a continuous kernel:

(Wx)(2) = f ; Wz, 5)x(s) ds,

or more generally, if W is an operator of trace class (see Zaanen [4], Smithies
[3], Ruston [2]) on any Banach space S, or if W is an operator of the Hilberi—
Schmidt class (see Smithies) on Hilbert space, the resclvent

R =(I—=AW)~! = DW)/d(X),

where d(}) is a scalar valued, and D(A) is an operator valued, entire function of
order 2.

In such cases, we can prove that if x — AWx = y is sufficiently small, where
IIxil=1, |A| =r, then A is close to an eigenvalue. For more general W, such
estimates do not seem likely to be true. The method is to note that from the
equation

d(A)x= D)y
we can obtain the estimate

[dM)| < DAyl < el DA

Making use of the known estimates of d and D, we can apply Theorem 5.
For example, if Wis of trace class with trace-norm = = 7(#), then we can
obtain
d) <exp(tr + 72 r¥2) < exp(1/2 + 7%r%)
for [A] =r, and
DA < [dX)] + IAWD)|

< [dW)| + (=) exp ((Brr + 7212)[2)
< Texp(r?r3).

(These estimates are somewhat better than those of Ruston, but can sasily
be obtained by modifications of his method.)
An easy computation, using Theorem 5, now gives

THEGREM 6. If W is a linear operator of trace class on a Banach space S, of
trace~-norm T, and if

x €S, Ixll =1, [Ag| =7, T+ = 1/2e,
and

Ix— 2 Wxll<e< T Vexp(~(2e* K+ 1) 7% 1%,
where K =7, then there is an eigenvalue of Win the circle

[A—2X| <41+ K)e %r.
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It would be interesting to have an estimate of the distance from x to an
eigenvector.

In these estimates, no effort was made to determine how close they are to the
best possible. It would be desirable, for many applications to numerical
analysis, to know whether at least the orders of magnitude are correct.

APPENDIX

We need to obtain information about the solution x of the equation

x?—1
Fx)=—7——logx=y, y>0,x>1.
2x

Since
(x—1)?

2x °
we see that Fis an increasing function and has anincreasing inverse function G,
GO)=1.

The above equation can be written in the form

F'(x) =

x=2y+2logx+1/x.
Since

%(210gx+ 1/x)=0Q2x—1)[x*>0 forx>1/2,
we see that
x>2y+1.
Set x=2X—1, X=(x+ 1)/2> 1. Then we have
X=y+1/2+log(2X -1+ 1/[2Q2X - 1)]

=Y +logX,
where
Y=y+1/2+1log(2—1/X)+ 1/[22X - 1)].

Note that the sum of the last two terms is an increasing function of X for X > 1,
so that
12<log2—-1/X)+1/22X - 1)] < log2
and
Y+1<Y<y+1/2+]og2.

We are led to study the solution X of the equation

HX)=X—logX=7%,
for X>1, Y>1. Since

H(X)=1-1/X>0 forX>1,

H is increasing and has an increasing inverse function J(Y), and J(1) = 1.
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We have
X=Y+logX>Y+logy,
and
X< Y+logY+log(X/Y)
<Y+logY+(X/Y)—1,
so that

X=Y+logY+log Y[(Y—1)

<Y+logY+1 for Y>1.
Thus, we have

Y+logY<J(Y)< Y+logY+1.
We apply this estimate to x =2X — 1, use the estimates for ¥ in terms of y,
and obtain
2y+2log(y+ D+ 1<x<2y+2log{y+1)+1+4log2.

From

p=(0x/2)+1+1/2x,
we obtain

y+log(y+D+32<n<y+log(y+1)+2+2log2.
To estimate y in terms of 5, we examine the equation
h(n)=n+logn=r, nx1, r=1.
The function % has an increasing inverse function p. If n > 1, 7 > 1, we have

r>n
and therefore
r<n+logr, orn=r—logr.
It follows that
r=n+log(r—Ilogr)

>n+logr+log(l —logr/r)

>n+logr —logr/(r —logr).
But the maximum of logr/r for r > 1is 1/e, so that

logr/(r —logr) <{e — 1)~

Therefore
r—logr<n<r—logr+(e— 1)
Since
n—1-2log2<h(y+1)<n—1/2,
we obtain

n—1—2log2—log(n—1—2log2)<y+1
<p—12—log(n—1/2) +{e— DL
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For some purposes, a simpler estimate of p(¢) is more useful:
r<2n-—1, ie,n= @+ 1)/2,
from which we obtain
p)=n=r—logn<r—Ilog(r+1)/2). ™

This is cruder than the above for large #, but is quite good for r close to 1.
We remark that if 1 <w < n-+logn+ Cand 1 <n, then

w—logw—C<xn.
If w< C+ 1, thisis trivial. If w > C + 1, it follows from
w—C—loglw—C)<pw—C)<n.

REFERENCES

1. L.V. Ancrors, “Complex Analysis.”” McGraw-Hill, New York, 1953,

2. A. F. Ruston, On the Fredholm theory of integral equations for operators belonging to
the trace class of a general Banach space. Proc. Lond. Math. Soc. 53 (1951), 109-124.

3. F. SmrrHiss, Integral Equations. Cambridge Tracts in Mathematics and Mathematical
Physics, No. 49. Cambridge Univ. Press, Cambridge, 1958.

4. A. C.ZAANEN, Measure and integral, Banach and Hilbert space, linear integral equations.
In “Linear Analysis.”” Interscience Publishers Inc., New York; North-Holland Publishing
Co., Amsterdam; P. Noordhoff N.V., Groningen, 1953.



